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Abstract -- Elastic moduli of brittle matrix composites with uni-symmctric and doubly-symmetric
intcrfacial debonding are studied. t Traction continuity and displacement continuity conditions are
imposed along the boundary of adjacent representative elements. With careful consideration or
symmetric and skew-symmetric conditions in the cell. the uni-symmetric and doubly-symmetric
debonding cases can be modellcd by a half cell or a quarter cell problem. respectively. The RVE
boundaries. in general. do not remain straight for the composite under loading. Parametric studies
assessing the effect of the debonding angle. the shear moduli ratios in the constituents and the fiber
volume fractions on the composite shear moduli are also presented through finite element analyses.
Comparison of the shear moduli between the current compatible displacement field and the linear
straight boundary displacements of the RVE is addressed. Copyright '(' 1996 Elsevier Science Ltd.

INTRODUCTION

The mechanical properties of fiber-reinforced composites can be significantly affected by
the bond between thc fibers and the matrix. In polymer matrix composites, the composite
systems consist of brittle fibers such as graphite and boron in relatively soft matrix materials
such as epoxy, and a strong fiber/matrix bond is desired. However. in certain brittle matrix
composites, the constituents are both brittle in nature, and the fibers are weakly bonded to
the matrix. Although this weak bond is detrimental to compressive and transverse strength
properties, it is believed to be an important source of enhancing strength and fracture
toughness in these composite systems. Recent experimental studies, Prewo et al. (1980),
Rice (1981), Grande et af. (1988), on brittle matrix composites have also shown that the
degree of bonding between the fiber and the matrix can dominate their mechanical properties
and associated failure modes. In order to achieve optimal performance between strength
and stiffness for composite development, the effect of weak bond or debonded interface
conditions on the mechanical properties of composite materials needs to be fully under­
stood.

The prediction of the effective mechanical properties of composite materials can be
approached in many ways. The viable approach for engineering applications is based on a
theory which replaces the actual heterogeneous medium by an equivalent anisotropic
homogeneous continuum if the scale of the deformation is sufficiently larger than the
characteristic length of the microstructure. By further assuming the periodicity of the
microstructure, the effective elastic moduli of the composite are determined by the elastic
properties of the constituents and internal geometry of the representative volume element
(RYE) or the unit cell. Since the early 1960s many analytical and numerical studies have
been carried out on the determination of the elastic properties of composite materials with
perfectly bonded interface. Usually, concentric cylinders. square array, hexagonal array are
assumed for mathematical models. Hashin and Rosen (1964) provided the lower and upper
bounds of elastic moduli based on variational principles. Semi-analytical approaches have

t In the unisymmetric problem considered lateL the stresses on the boundary of the RVE lead to resultant
forces and moments. as in couple-stress elasticity. The composite stresses here. howevcr. are defined as volume
averages ovcr the RVE. so thai the couple-stress effects are ignored. The lattcr will be considered in a subsequent
paper.
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been treated by Chen and Cheng (1967), Chen (1970, 1971) to evaluate elastic moduli of
the composite. A combination of Fourier method and least square method has been
employed to match the boundary conditions on the RYE at discrete points. Application of
the finite difference and finite element methods to this class of the problem has been made
by Adams and Doner (1967a, b) and Foye (1966). Closed form solutions such as the
composite cylinder assemblage (CCA) model, self-consistent model or generalized self­
consistent scheme (GSCS) have been proposed by Hashin and Rosen (1964), Hill (1965),
and Christensen and Lo (1979). However, the solutions may not be valid for high fiber
volume fractions or high rigidity of the fibers. Heaton (1968) first proposed the compatible
displacement and stress field along the cell boundaries and then used truncated elasticity
series Airy stress function solutions to match the continuity conditions at the interface
exactly. The composite moduli were evaluated through a point-matching technique along
the cell boundary. Recently Sun and Yaidya (1993) predicted elastic moduli of composite
by employing periodic displacement conditions along the cell boundaries and using an
energy equivalence consideration with a three-dimensional finite element analysis.

The effect of weak bond or debonded interface on the mechanical properties has been
recently studied by several investigators. Some simplified models have been proposed
to simulate the imperfect interface condition. Pagano and Tandon (1990) developed an
approximate model by assuming various interfacial conditions. Several definitions of com­
posite strain were used in the determination of effective moduli. Benveniste (1984, 1985)
simulated the interface by imposing the continuity of normal displacements and tractions
at the interface while allowing a jump in the tangential displacement and defined composite
strain as the so-called "body average" strain, which, as a surface integral, has the same
form as the usual definition of composite strain. Takahashi and Chou (1988) used Eshelby's
equivalent inclusion method in conjunction with the Mori-Tanaka theorem to predict
transverse moduli of the perfect and completely debonded composite. Hashin (1990) simu­
lated the interface condition by linear relations between interface tractions and displacement
jumps and used the GSCS model to predict the effective moduli of the composite. Shimansky
et af. (1989) used a finite element method to predict transverse moduli of the debonded
interface in a ceramic matrix composite.

In the following work. an analysis using finite element methods has been applied to
fiber reinforced brittle matrix composites in order to predict the influence of the debonded
interface on "effective" elastic moduli of the composites. The extent of the debonded
interface is simulated by uni-symmetric and doubly-symmetric debonding geometries. The
debonded interface is assumed to be completely separated. The shear moduli ratios in the
constituents and fiber volume fraction on the composite shear moduli are also studied. The
geometrical layout of the composites with periodic rectangular array model is considered
in the analysis. The traction continuity and displacement continuity constraint equations
are imposed for different deformation modes in order to maintain the geometric com­
patibility and static equilibrium between neighboring RYE. Finally, the shear moduli
predicted from the current compatible displacement field between the edges of the RVE
boundary and linear boundary displacements along the RVE are compared.

FORMULAnON

A two phase composite with regularly repeating geometry is considered. When the
unidirectional reinforced composite is subjected to a uniform macroscopic applied stress,
the stress distribution will depend on the properties of the constituents, interfacial conditions
and the geometry of representative volume element. A rectangular RVE with dimensions
2a x 2b is shown in Fig. 1. Two different cases of debonding are considered. In the first
case, which will be referred to as uni-symmetric debonding, the fiber is perfectly bonded to
the matrix except over the interface region 101 ~ 'Y. (Fig. la). In the second case, which we
will refer to as doubly-symmetric debonding, the fiber is perfectly bonded to the matrix
except over the interface region 181 ~ 'Y. and In-Ol ~ 'Y. (Fig. Ib). The z-axis coincides with
the fiber axis. Under deformation, each RVE in the composite must experience identical
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Fig. I. Interfacial debonding of a representative volume element.

displacement (excluding rigid body displacements) and stress fields. Therefore the con­
straints must be imposed on the boundary of each cell so that the displacements and stresses
are compatible with the displacements and stresses on the neighboring cells.

(A ) Young's moduli and Poisson's ratios
To calculate the Young's moduli and Poisson's ratios of the composite, a periodic

rectangular array under generalized plane strain (L = e?) but excluding shear loadings is
considered. The displacement compatibility conditions on the boundary of the RYE are
given as

u(a,y) = u( -a,y) +2ac;~

v(a,y) = v( -a,y)

u(x,b) = u(x, -b)

v(x,b) = z:(x, -b)+2bE;)

w(x,y, z) = e~z

and the traction continuity conditions are given as

O",(a,y) = 0",( -a,y)

,,\(a,y) = T n ( -a,y)

(TAx, b) = (T,(x, -b)

'n(x,h) = Tn(X, -h).

(I a)

(I b)

(1 c)

( ld)

(Ie)

(2a)

(2b)

(2c)

(2d)

For uni-symmetric debonding, the problem has symmetric geometry and loading about
the x-axis. Hence the deformation field is symmetric about the x-axis. Therefore, we have

c;,(x,y) = extx, - y)

c;rCx,y) = F.,(x, -y)

Yn(x,y) = -f,,·(X, -y).

Integrating eqns (3a) and (3b) yields

(3a)

(3b)

(3c)
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u(x,y) = u(x, -y) +fl (y)

z:(x,y) = -Vex, -y)+t~(x).

(4a)

(4b)

Substituting eqns (4a) and (4b) into (3c) and imposing the fixed displacements and rotation
conditions at the center of the fiber

u(O,O) = 1'(0,0) = cu(O, 0) = °
where OJ = H(h/i";x)-(i)u/r';y)], we getj;(y) =f;(x) = 0. That means

u(x,y) = u(x, - y)

/'(x, y) = - vex, - y).

From eqn (6b), the following condition holds

z:(x,O) = o.

Using eqn (6b), eqn (ld) reduces to

Further, from eqn (3c), we have the stress symmetric conditions

TH(X,y) = -T,,(X, -y).

The above equation leads to

T" (x, 0) = 0.

Combining eqns (2d) and (9) gives

T,,(x,b) =0.

(5)

(6a)

(6b)

(7)

(8)

(9)

(10)

(I I)

In summary, the uni-symmetric debonding problem can be solved by half of the RYE cell
using the following boundary conditions (egns (10), (7), (II) and (8)

y=o

y=b

{

T." (x, 0) = °
v(x, 0) = °

{

T" (x, b) = °
vex, b) = bF.;l

(12)

( 13)

together with constraint eqns (I a), (I b), (2a) and (2b).
For the doubly-symmetric debonding, the symmetric characteristics holds about both

the x-axis and the y-axis. The overall problem can be modeled by a quarter cell of the RYE
using the following boundary conditions together with egns (12) and (13)

x=o

x=a {
u.(.a,y)=~w~ .
T,,(a,J) - 0

(14)

(15)
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Note that the RVE remains rectangular after deformation for the doubly-symmetric
debonding.

For purpose of determination of composite Young's moduli and Poisson's ratios
through the composite constitutive relations, it; = C;;E j (i,j = 1,2,3 or x, y, z), three distinct
deformation states (1;;',1::1

, E~) are considered separately. The first two states are described
by plane strain condition (E° = 0) with loadings ;;~, c:;1 = l, 0 and 0, I, respectively; the
third state represents the state of c:~ = I with the cell boundary constrained. In the case of
the cell under plane strain deformation (w = 0) with ;;~ i= 0, c:;) = 0, the average stresses
with the help of Gauss' theorem and traction continuity conditions in the following eqns
(16a, 16b) are obtained as

1
1 Jh?h a,(a,y) dy uni-symmetric

I I I i - -h

tt, = 4~ sa, dS = ~lhJ\T,ds = I h

hJ(J, (a. y) dy doubly-symmetric
()

( l6a)

I ~ I i
tt, = 4aht (J, dS = 4ah r-rT, ds =

tt·=-~f(J·dS. 4ah s .

II J"2a '.' a, (x, b) dx

I fa- a,(x,b)ds
a. ()

uni-symmetric

doubly-symmetric

( l6b)

( 16c)

where S is the area of the RYE. Due to the debonded interfaces, the line integral ~ should
be calculated along the boundary of the RYE as well as the interface between the fiber and
matrix. The traction is defined as T, = (Ji/li (i,j = x, y, and z) with nj being direction cosines
of the normal vector on the boundary. Since the tractions are continuous along the bonded
interface and are free along the debonded interface, the line integral needs to be evaluated
only along outer boundary of the R VE.

The composite strain E, is defined as:

J r" I J'" au If,\ = -2 EJ\,h)dx =:;- -.~(x,h)dx =2-[u(a,b)-u(-a,b)] = E~.
a L.a ox a

" .(/ - tI

(17)

The above derivation is also true for y = - h. The definition is appropriate for a strain
gage determination. Note that the strain ;;~ is not given by the volume average value of Ey

since the displacement u is discontinuous in the R VE [see Pagano and Tandon (1990)].
Alternatively we can define

(18)

This definition is based on the averaged displacement gradients on the "ends" of a
physical specimen. Both these definitions (which are equivalent) are defined on physical
grounds, but they are also identical to Benveniste's "body average" strain definition.

The composite elastic coefficients are then defined as

(19)

Similarly, f" = c::). Since we are treating generalized plane strain, we have [c = c:o . The rest
of elastic coefficients can be obtained from the remaining deformation states
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(20)

(21 )

From eqn (9), it is easy to show

= ~I r
h

Tn (a,y) dy- r
h

Tn(a,y) dY]= O.
~ LJo Jo

(22)

Notice that for the doubly-symmetric debonding we have Tn(a,y) = 0 exactly. However,
for the uni-symmetric debonding Tn(a, y) 1= 0, the average shear stress is equal to zero due
to the symmetry of T" with respect to the x-axis. Therefore we conclude

(23)

The symmetry of the elastic matrix ell (i,j = 1,2,3) can be easily proved by using the
Betti's reciprocal theorem together with traction continuity conditions (Sokolnikoff, 1956).
By inverting the elastic matrix, the engineering constants of composite Young's moduli and
Poisson's ratios can be attained.

(B) In-plane composite shear modulus
For the composite under shear, straight cell boundaries may not remain straight after

the composite has been deformed. Since the boundary displacements and tractions on any
RVE must be compatible with those on the neighboring RVE, for the finite element
modeling, constraints are imposed on the displacements at the edges x = constant and
y = constant of the cell boundary where the displacements are not necessarily linear. This
fact does not seem to have been recognized in the previous literature, even for a perfectly
bonded interface. The displacement constraint boundary conditions used in obtaining the
in-plane shear moduli for the RVE are given by

u(a,y) = u( -a,y)

r(a,y) = v( -a,y) +ay~,

u(x,b) = u(x, -b)+by~,

vex, b) = vex, -b).

(24a)

(24b)

(24c)

(24d)

Since the in-plane shear is a plane strain problem, we have w(x, y) = 0 over the whole RVE.
The stress components along the cell boundary are required to satisfy the traction continuity
conditions in eqns (2).

For the un i-symmetric debonding, the problem has symmetric geometry and skew­
symmetric loadings about the x-axis. Thus the strain components must be skew-symmetric
about the x-axis

E,(X,y) = -G,.(x, - y)

G,(x,y) = -G,.(x, -y)

(\l(x,y) = (,,(x, -y).

Integrating eqns (2Sa) and (25b) yield

(2Sa)

(25b)

(2Sc)
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u(x,y) = -u(x, -y)+f~(y)

1'(x,.1') = vex, -.1')+f~(x).

IS3

(26a)

(26b)

Substituting eqns (26) into (2Sc), considering the same condition in eqn (5) as in the
previous section, we have f;(y) = f~(x) = O. That means

u(x, y) = - u(x. - .1')

v(x,y) = vex, -y).

Equation (27a) gives

u(x,O) = O.

From eqns (27a) and (24c), we obtain

u( v b) - !b··,O
A,. - 2 /.\".

(27a)

(27b)

(28)

(29)

By applying the isotropic elastic stress--strain relation to eqns (2Sa) and (2Sb) for each
constituent, we have the skew-symmetric condition for the following stress components

The above eqn (30b) gives

Equations (2c) and (30b) yield

U,(x,y) = -u,(x, -y)

u,(x,y) = -(T,(x, -y).

u,(x,O) = O.

u,(x,b) = O.

(30a)

(30b)

(31)

(32)

From eqns (28), (31), (29) and (32), the uni-symmetric debonding case can be analyzed by
a half cell using the following conditions

y=O

.1'=b {
u.(X'.b) =_~ by~,
u,.(x,h) - 0

(33)

(34)

with the eqns (24a), (24b), (2a) and (2b).
For the doubly-symmetric debonding, the problem further exhibits the symmetric

geometry and antisymmetric loading about the y-axis. Therefore, the following conditions
can be derived in the same manner as eqns (33) and (34)

x=()

x=a

{
(Ty(O, v) = ()

v(O, .1') = ()
(35)

(36)
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Equations (33 -36) give the boundary conditions for the quarter cell calculation under
doubly-symmetric debonding conditions.

The deformation due to shear strain at a point under infinitesimal deformation assumes
the edges of the element remain straight. This is not the case here. Therefore, we propose
the following definition in the spirit of surface averaging:

I JU ov(x,b)._ I J'h r!u(a,Y)}'" = -. ----dx+- ·--dv
2a "ax 2b _h oy ~

I
2a[v(a,b)-v(-a,h)]+ 2b [u(a, b)-u(a, -b)] = Y~J"

Alternatively we can define

_J. r" [u(x,h)-u(x, -b)]J..fh [v(a,y)-v(-a,y)] ,_ ,,0.

- 2a I 2h dx + 2b 2a d)- - In"
0.). (/ h

(37)

(38)

It can be seen that the two shear strain definitions of (37) and (38) are identical and
equivalent to Benveniste's "body average" shear strain.

Similar to eqn (16), according to Gauss' theorem the average of the in-plane shear
stress in the RYE is

I ~ I l I rh

f " . = 4ah .1\ Tn dS = 4ahr lCT1 ds = bJo T,,(a,y) dy (39)

where S denotes the area of the unit cell. Note that the eqns (2) and traction continuity
have been used to obtain the final form of eqn (39).

The composite in-plane shear modulus is defined as

(40)

From eqns (30a) and (32), it can be shown that

I Jhtt, = 2b IT,(a,y) dy = 0
h

I fa
tt, = 2a -u 1T,(X, h) dx = O. (41 )

Note that for the uni-symmetric debonding case, IT,(a, y) of- O.t The average stress. however,
is equal to zero. For average stress along the z direction, it can be easily shown that

tJc = 4~h1(Ie dS = 4~bLV«(T, + (Tv) dS = 4~h fV(XT, +yT,.) ds = 0 (42)

due to the antisymmetric nature of the stress distributions. v is either Vm or VI depending on
the region where the integrals are covered. The above relations (41) and (42) indicate

(43)

It is noticeable that in our model the RYE does not have linear deformation along its

t The moment effect of (J. (a. y). however. is not zero. See first footnote.
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Fig. 2. The in-plane shear deformation profile of RYE.

edge. The typical deformation shape of RVE is sketched in Fig. 2. Figures 2a and b are the
deformation of the RYE under in-plane shear for uni-symmetric and doubly-symmetric
debonding, respectively (the shear forces of identical magnitude are applied to both cases,
the deformed shapes have been magnified with the same factors). Previous studies such as
Hashin and Rosen (1964) utilizing straight line displacement fields (U,lonthcboundary = [;;~xJ'

where e? 2 is the only nonzero component for in-plane shear) along the cell boundaries lead
to the coupling of the moduli in composites, i.e., quantities in eqn (43) are not equal to
zero.

(C) Longitudinal composite shear moduli
For the longitudinal shear problem, the only nonvanishing displacement component

is w. The equations of elasticity for the fiber and the matrix both reduce to the Laplace
equation, V2w = O.

(1) In determining longitudinal shear modulus Gu the following constraint boundary
conditions for the RYE are imposed

w(a. y) = w( - a, y) + 2a'(?c

w(x, b) = w(x, -b)

(44a)

(44b)

and the following conditions of shear stresses on the cell boundary need to be satisfied

r,c(a,y) = T,J -a,y)

TIAx, b) = T IC (" -h).

(45a)

(45b)

For uni-symmetric debonding, the problem is symmetric about the x-axis. The strain
symmetric conditions give

(46a)

(46b)

Hence the stress component should satisfy the following symmetric condition

(47)

The eqn (47) yields
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(48)

Combining eqns (45b) and (47), we have

r,z(x,b) = 0. (49)

Therefore, for the uni-symmetric debonding case, the problem can be solved by half of the
cell using (48), (49) with (44a) and (45a) as boundary conditions.

For doubly-symmetric debonding, the problem has additional symmetric geometry
and antisymmetric loadings about the y-axis. The problem thus has skew-symmetric stress
and strain components about the y-axis

Integrating eqns (50) yields

Yxz(X,Y) = Ic( -x,y)

Y,z(x,y) = -y,A -x,y).

w(x,y) = -w(-x,y)+j~(y)

w(x,y) = - w( -x,y) +j~(x).

(50a)

(50b)

(5Ia)

(5Ib)

Combining eqns (5Ia) and (5Ib), with the consideration of the constraint at the center of
the fiber, w(O,O) = 0, we have j~(y) = j~(x) = 0. That means

w(x,y) = -w( -x,y).

Equation (53) gives

w(O,y) = 0.

Combining with eqns (44a) and (52) leads to

w(a, y) = ay~z.

(52)

(53)

(54)

Therefore, for doubly-symmetric debonding case, the problem can be solved by a quarter
cell RVE with (53), (54), (48) and (49) as the boundary conditions.

The composite longitudinal shear strain can be defined in the following two ways

or

I fa I fa ow 1ic = ') Yc(x. b) dx = -2. -;-(x, b) dx = -2 [w(a, b) - w( - a, b)] = y~z
_a -a a -a uX a

T-~fb [w(a,y)-w(-a,y)] ,_ ,0

}xz - 2b 2a d,} - }xz·
-b

(55)

(56)

Again, the two definitions of composite shear strains are identical. The average shear stress
in the RVE with the help of Gauss theorem is

I f" I fb= 2b T,Aa,y) dy = h Txz(a,y) dy.
-h . 0

(57)
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The derivation of above equation is similar to that of eqn (16). Equations (45) and the
completely separated interface condition have been employed to obtain the final form of
eqn (57). Then the composite shear modulus Gl3 is defined as

From eqn (49) we obtain

I f I f I faf rc = 4h .'IC dS = 4b yTc ds = 2 'lAx, b) dx = O.
a .s a a -a

(58)

(59)

Actually, the shear stress T I " equals zero exactly along the y = b edge for both the uni­
symmetric and doubly-symmetric debonding cases. Hence, the coupling constant is

(60)

(2) The determination of Gn is similar to that of Gn . The following displacement
constraints are imposed

W(x, b) = w(x, -h)+2by~)c

w(a,y) = w(-a,y)

(6Ia)

(61 b)

as well as the stress continuity conditions in eqns (45).
For the uni-symmetric debonding, the deformation field is skew-symmetric about the

x-axis.

yc(x,y) = -}',cCX, -y)

}'rJ\',y) = YIAx. -y).

From eqn (62a)

}',Jx,O) = o.

Integrating eqn (64) and considering the condition w(O,O) = 0 lead to

w(x,O) = o.

Further integrating eqn (62b) with eqn (64)

W(x,y) = -w(x, -y).

Combining eqns (6Ia) and (65)

(62a)

(62b)

(63)

(64)

(65)

(66)

Equation (66) clearly shows that the upper and lower edges of the RVE remain straight
after deformation. Furthermore, the problem can be analyzed by half of the RVE using

y = 0 w(x, 0) = 0

y = b w(x, b) = b},;)c

and eqns (61 b) and (45a) as boundary conditions.

(67)
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For the doubly-symmetric debonding, the deformation is symmetric about the y-axis.

(,,(x,y) = -Ye( -x,y)

}'r,(x,y) = YeA -x,y).

Integrating the eqns (68a) and (68b)

w(x,y) = w( -x,y).

It is obvious that (60b) is automatically satisfied. On the other hand, from (68a)

Equations (45a) and (70) give

Ce(a,y) = o.

Considering eqn (70) for x = 0

Te(O,y) = O.

(68a)

(68b)

(69)

(70)

(71 )

(72)

Therefore the doubly-symmetric debonding case can be analyzed using a quarter of RYE
with eqns (67), (71) and (72) being the boundary conditions.

The average shear stress in the RYE is defined as

I
I fa:2 ',c(x, b) dx

I I . a -a

f. = -_.-- f' dS =---lyT ds =
I' 4ah " I·' 4ah ,. , I fa

. ., Tr,(X, h) dx
a 0

uni-symmetric

doubly-symmetric.

(73)

The derivation of the above equation is the same as that of eqn (57). The composite shear
modulus can be determined as

From eqn (62a), we have

Te(X,y) = -Te(X, -y).

Therefore

I rio 1 [~h fO lfC=lhl ce (a,v)dY=2h J 'c(a,y)dy+ T,,(a,y)dy
&)-It {) --h

(74)

(75)

(76)

Again, for the doubly-symmetric debonding, the stress equals zero exactly. Note that for
uni-symmetric debonding case, T,ja,y) #- O.t In both cases, eqn (74) indicates that the
coupling constant is equal to zero

t The moment effect or r ,Ja. .I"), however. is not zero. See first rootnote.
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Fig. 3. The longitudinal shear deformation profile of RYE.

C S4 = o. (77)

The problem of calculating the longitudinal shear moduli is mathematically equivalent
to that of calculating the effective thermal conductivities of a composite. With displacement
w corresponding to temperature, strains Yxo' Yro corresponding to components of temperature
gradient, and stresses Tc T rc corresponding to components of thermal flux qx and q," the
composite longitudinal shear moduli are obtained from the analogous heat conduction
analysis.

The traction continuity and displacement continuity conditions between the neigh­
boring RVE lead to the nonlinear variation of displacement along the RVE edges. The
representative shapes of the deformed RVE under antiplane shear are sketched in Fig. 3.

From eqns (23), (43), (60) and (77), the composite exhibits material characteristics
for both uni-symmetric and doubly-symmetric debonding. Furthermore, for the case of
debonding without any symmetry, the composite moduli can be determined from the
moduli in the uni-symmetric debonding with proper transformation between the global and
local axes.

RESULTS AND DISCUSSION

The ANSYS finite element package is selected to analyze the RVE of the periodic
rectangular model. For the case of axial extension B?, the deformation of eqn (Ie) is
simulated as a thermoelastic problem with thermal expansion coefficients, XI = C(2 = 0 and
'l.] = [;~, for each constituent under unit temperature rise. The problems are modeled as a
half cell or quarter cell for the uni-symmetric and doubly-symmetric debonding cases
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respectively. Four-node plane element is used in the modeling. Appropriate boundary
conditions, as are given in the previous section, are imposed accordingly. The boundary
conditions imposed on the surface of a debonded crack are (Jr = Tre = T rz = O. These bound­
ary conditions lead to a crack-tip singularity in the exact solution of linear elasticity. They
also lead to predicted local overlapping, suggesting closure of the surfaces in the vicinity of
the crack tip. Although a correction is possible using contact analysis, the present results
are based upon the linear analysis and do not consider such correction. Chao and Laws
(1992) have recently shown that under uniaxial loading conditions considering the interface
contact results in little difference for the transverse Young's moduli of the composite.
Different element sizes with very dense elements around the crack tip are tested during the
calculation. Numerical results show that the resolution of mesh around the crack tip has
very little influence on the overall moduli.

In the following numerical results, a square periodic array is assumed. In order to
illustrate the effect of interfacial debonding on the composite moduli, a brittle Nicalon! 1723
Glass ceramic matrix composite with fiber volume fraction 40% is studied unless otherwise
mentioned. The fiber and matrix material properties, both assumed to be isotropic, are
listed as follows:

Material

Nicalon Fiber
1723 Glass Matrix

£(GPa)

200
88

G(GPa)

77
36

Figures 4-6 depict the effect ofdebonding angle on the nine composite moduli constants
for uni-symmetric debonding case with the x, y and z structural axes shown in Fig. 1
coinciding with the material principal axes 1,2 and 3. The moduli of composite are presented
in terms of engineering constants E1 , £2, ... , etc. In the extreme cases of perfect bonding,
the composite with a square periodic array has only six independent elastic constants; in
which £] = £2, G13 = Gn , V 13 = Vn . In the notation for Poisson's ratios, Vi, signifies the
negative of the ratio of E, to f;i under uniaxial stress (J,. The numerical results for these
constants agree well with the concentric cylinder model solution obtained by Hashin and

Uni-symmetric Debonding
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.... - E]=::l
~ - - -E2

60 --E3

40 I I I
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Fig. 4. The effect of debonding angle on the composite Young's moduli for uni-symmetric debonding
case.
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Fig. 5. The effect of debonding angle on the composite shear moduli for uni-symmetric debonding
case.
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Fig. 6. The effect of debonding angle on the composite Poisson's ratio for uni-symmetric debonding
case.

Rosen (1964). As expected, the axial modulus £3 is insensitive to the debonded interface
conditions. The numerical values of E, decrease from 133.02 GPa for perfect bonding case
to 132.95 GPa for 90 debonding. For engineering applications, the axial modulus can be
accurately predicted from the rule of mixtures which gives 132.80 GPa regardless of the
bonding between the fiber and the matrix.

The next set of Figs 7-9 illustrates the effect of debonding angle on the composite
moduli for doubly-symmetric debonding. There are two extreme cases for the debonding
angles. When iY. = 0 which is the perfectly bonded case, the problem is identical to the case
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Doubly-symmetric Debonding
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Fig. 7. The effect of debonding angle on the composite Young's moduli for doubly-symmetric
debonding case.
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Fig. 8. The effect of debonding angle on the composite shear moduli for doubly-symmetric debonding
case.

of uni-symmetric debonding with rx = 0'. The rx = 90° case also presents identical properties
along the x and y axis, hence it has only six independent constants. From Fig. 7, it is also
clearly shown that the debonding angle has negligible effect on the axial modulus E3

for doubly-symmetric debonding. Also from Figs 4---9, E 2, G23 , V32 and V31 are affected
insignificantly by the debonding; Conversely, E I , G13 , GI2 and V12 are influenced strongly
by the debonding at the fiber-matrix boundary.

Parametric studies are conducted for shear moduli of the composite shown in Figs 10­
17. In these studies the values of the ratios GtlG", varying from I to 1000 and five fiber
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Fig. 9. The effect of debonding angle on the composite Poisson's ratio for doubly-symmetric
debonding case.
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Fig. 10. Effect of fiber volume fraction on the composite shear moduli G" for perfectly bonded
interface.

volume fractions covering from 40% to 75% are considered. In calculating G I2, the Poisson's
ratios of the fiber and the matrix are assumed to be 0.3 and 0.222 respectively. Figures lO­
Il illustrate the effect of the ratios Gt/Gm on longitudinal shear modulus G23 and in-plane
shear moduli GI2 for a perfectly bonded composite. Notice for perfect bonding, G13 is the
same as Gn . These figures show that the composite moduli approach asymptotic values as
the values of Gt/Gm increase.

Figures 12--14 depict the variations of composite shear moduli vs GtlGm for 45 uni­
symmetrically debonded composite. It can be seen that for this case the degree of debonding
causes little change in Gn • but it does reduce the other two moduli, G13 and Gil significantly.

Figures 15-17 illustrate the variation of shear moduli vs GtlGm for doubly-symmetric
debonding (el = 45). The trend is somewhat reversed for G12 . The in-plane composite shear
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Fig. II. Effect of fiber volume fraction on the composite shear moduli G12 for perfectly bonded
interface.
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Fig. 12. Effect of fiber volume fraction on the composite shear moduli G" for uni-symmetrically 45'
debonded interface.

moduli are lower than the shear modulus of the matrix in the range of the fiber volume
fractions studied. The increase of shear modulus of the fiber still causes the increase in the
composite modulus; while the increase in the volume fraction of the fiber will decrease the
overall modulus of the composite. This phenomena can be interpreted by the fact that the
in-plane shear loading is carried primarily by the matrix rather than the fiber for doubly­
symmetric debonding composite.

To illustrate the disparity of the composite moduli prediction between our current
model with nonlinear compatible deformation among the RVE edges and the model with
straight deformation along the RVE edges, numerical results of shear moduli with a 45°
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45 Degree Uni-symmetric Debonding

1.6

195

1.4

1.2

0.8

0.6
1 10

--vr40%
••••••••• V F50%

- - ·VF6O%
-····VF70%
- ·VF75%

100 1000

Fig. 13. Effect of fiber volume fraction on the composite shear moduli C" for uni-symmetrically 45'
debonded interface.
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Fig. 14. Effect of fiber volume fraction on the composite shear moduli C12 for uni-symmetrically 45'
debonded interface.

debonding angle are compared for the two models. In calculating the average shear stresses,
definitions similar to eqns (39), (57) and (73) are used for the straight boundaries

f'l = 4~b fXT" ds = 4~b fYT¥ ds

f lc = 4~b fYTc ds
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Fig. 15. Effect of fiber volume fraction on the composite shear moduli Gn for doubly-symmetrically
45' debonded interface.
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Fig. 16. Effect of fiber volume fraction on the composite shear moduli G" for doubly-symmetrically
45' debonded interface.

For doubly-symmetric debonding, the integral can be evaluated along the whole outer
boundaries of the quarter cell; while for uni-symmetric debonding, the integral is required
to be evaluated along the entire outer boundaries of the half cell.
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Fig. 17. Effect of fiber volume fraction on the composite shear moduli G" for doubly-symmetrically
45 debonded interface.
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Fig. 18. The comparison of shear moduli G" for 45' uni-symmetric debonding present model vs
straight edge model.

The comparison of the shear moduli between the two models is illustrated in Figs 18­
23 for different ratios GtiGm with a fixed fiber volume fraction VI = 40%. Figures 18-20 are
for uni-symmetric debonding case; Figs 21-23 for doubly-symmetric debonding case. As
expected, the straight boundary deformation model gives composite shear moduli upper
bound values, in particular the model overestimates the in-plane shear moduli over 20%.
In these studies which are not shown in the figures, the disparity between the two models
increases dramatically as the fiber volume fraction and/or debonding angle increases.
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Fig. 20. The comparison of shear moduli C" for 45 uni-symmetric debonding present model vs
straight edge model.

CONCLUSIONS

The effect of interfacial debonding on the composite moduli is studied using two­
dimensional finite element methods. A periodic rectangular array is assumed in the micro­
mechanics analysis. The traction and displacement compatibility conditions along the
boundaries of RVE are imposed as the boundary conditions in the finite element analysis.
For the case of uni-symmetric or doubly-symmetric interfacial debonding and debonding



Elastic moduli of brittle matrix composites

Doubly-symmetric Debonding

199

............. -_ ........... .

1.3

1.2

1.1

r,:)E 1
~
~.....

0.9

0.8

0.7

0.6
1 10

--Present Model
•.•.• Straight Edge Model

100 1000

Fig. 21. The comparison of shear moduli Gil for 45 doubly-symmetric debonding present model
vs straight edge model.
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Fig. 22. The comparison or shear moduli G" for 45 doubly-symmetric debonding present model
vs straight edge model.

being completely separated studied here, the composite behaves macroscopically ortho­
tropic. Therefore nine independent material constants are required to be investigated in
assessing the degradation of the composite moduli due to debonding. Further, only a half
cell or a quarter cell need to be modeled for uni-symmetric and doubly-symmetric debond­
ing. Since the edge of the RVE does not remain straight under shear, a new definition of
composite shear strains based on surface averaging is thus proposed. Based on the numerical
analyses, the following conclusions may be drawn: (I) the degree of debonding has very
little effect on the axial composite modulus E3 ; (2) the transverse Young's modulus £1 and
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Fig. 23. Thc comparison of shear moduli Gil for 45 doubly-symmetric debonding present model
vs straight edge model.

longitudinal shear modulus G11 , in-plane shear modulus, G12, and the Poisson's ratio, V12,

are affected significantly by the degree of the debonding. This phenomenon is mainly due
to the lack of stress transfer across the debonded surfaces from the loading: (3) for all the
cases studied, the composite shear moduli approach an asymptote as the ratios of GIIGIlI

arc very large.
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